Abstract. Let X be a simplicial, quasi-projective toric variety. The goal of this article is to show that the groups G i (X) of Ktheory of coherent sheaves and K i (X) of vector bundles are rationally isomorphic. The case i = 0 answers a question of Brion and Vergne.
Introduction
For regular varieties the K-groups of the categories of coherent sheaves and vector bundles are naturally isomorphic, while for singular varieties these groups are not, in general, isomorphic. However, there is a large class of singular varieties which behave as if they were "rationally smooth". For example, if X is an n-dimensional complex variety with only quotient singularities, then Poincaré duality holds over Q, yielding an isomorphism between singular cohomology and BorelMoore homology H i (X, Q) ≃ H 2n−i (X, Q). For algebraic varieties (or more generally algebraic spaces) with quotient singularities there is an analogous rational Poincaré duality isomorphism A i (X) Q ≃ A n−i (X) Q , where A * (resp. A * ) denotes the operational Chow cohomology (resp. Chow groups) defined in [Fulton 2] .
For a variety X with only quotient singularities, a natural question is whether K-groups, G i (X), of the category of coherent sheaves are rationally isomorphic to the K-groups, K i (X), of the category of locally free sheaves. Unfortunately, because there are few techniques for computing K i (X) answering the question is difficult (we do not even know the answer when X is a global quotient Y /G, where Y is regular and G is a finite group). In this note we consider a very special class of varieties with quotient singularities, namely simplicial toric varieties. We prove the following theorem: Theorem 1.1. Let X be a simplicial toric variety defined over a field k. Then the natural map K i (X) → G i (X) is an isomorphism after tensoring with Q. 
Remarks.
(i) When i = 0 Brion and Vergne [BV] proved that the map is a rational surjection, and asked whether it is an isomorphism.
(ii) Here is the precise meaning of the terms in the theorem: The groups G i (X) are the K-theory groups associated to the category of coherent sheaves on X [Quillen] . The groups K i (X), however, are the K-theory associated to the category of perfect complexes in the sense of Grothendieck [SGA6] and Thomason-Trobaugh [TT] . These latter groups coincide with the "naive" K-theory of vector bundles provided X admits an ample family of line bundles [SGA6] , in particular when X is a quasi-projective variety.
Proof of the theorem
Lemma 2.1. Let X be an affine simplicial toric variety. The natural map
Proof. For any affine variety, K i coincides with the "naive" vector bundle K-theory, so we may work with vector bundles instead of perfect complexes. Let π : X → spec k be the structure map. By Gubeladze's theorem [Gubeladze] every locally free sheaf on X is actually free. Thus, the map induces an isomorphism π * :
As a simplicial affine toric variety X ≃ A n /G × T where G is a finite abelian group acting diagonally and T is an algebraic torus. By a standard result in K-theory (see e.g. [Srinivas] or [Quillen] ), the flat pullback
is an isomorphism. Hence we can assume that X = A n /G. Bloch's Riemann-Roch theorem for higher Chow groups [?, Bloch] 
Finally using the homotopy property of equivariant (higher) Chow groups
G * (spec k) Q ≃ Q and the lemma follows. Proof of the theorem. We now assume that X = (X, Σ) is an arbitrary simplicial toric variety associated to a simplicial fan Σ (see for example [Fulton 3] for an introduction to simplicial toric varieties). Then X = σ∈Σ X σ where X σ is the affine toric variety associated to the simplicial cone σ. With this description X σ ∩ X σ ′ = X σ∩σ ′ . Thus, by Lemma 2.1, X has an open covering such that the statement of the theorem holds on each open in the covering as well as on all possible intersections of opens in the covering (since they are all affine simplicial toric varieties). Applying induction we may assume that X = X 1 ∪ X 2 where the result holds for X 1 , X 2 and X 1 ∩ X 2 .
For the final step we apply Thomason's localization sequence for Ktheory of perfect complexes [TT, Theorem 8.1] . While weaker than the corresponding one for the K-theory of coherent sheaves, it does yield a Mayer-Vietoris long exact sequence
compatible with the corresponding sequence for the groups G i induced by localization (compatibility follows from the construction of the pullback maps for K i and G i given in [TT, 3.14] .) The theorem now follows by applying the 5-lemma.
Corollary 2.1. Let X be a quasi-projective, simplicial toric variety over a field. Let CH * (resp. A * ) denote the Chow cohomology defined in [Fulton 1] (resp. the operational Chow cohomology of [Fulton 2]) . Then the natural map CH * X → A * X is a rational isomorphism, i.e. the finest intersection theory coincides rationally with the coarsest one.
Proof. For any quasi-projective variety, there is a Chern character isomorphism from K 0 () Q to CH * () Q [Fulton 1, 3.3] . The theorem can thus be paraphrased by saying that the natural map
is a rational isomorphism. On the other hand, a simplicial toric variety is the quotient of a smooth toric variety by a torus. Thus by [EG, Theorem 4 ] the map
is a rational isomorphism.
Questions.
(i) (M. Brion) Since a simplicial toric variety comes with a natural torus action, we can ask if the theorem holds if we replace ordinary K-theory by equivariant K-theory? A natural (though non-trivial) way to answer this question is to adapt the machinery of [TT] to the equivariant case.
(ii) Is the map CH i X → A i X an isomorphism for an arbitrary (not necessarily simplicial) quasi-projective toric variety? For i = 1, the answer is positive, since the map from the Picard group to A 1 X is known to be an isomorphism [FS] .
